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Abstract

A non-parametric method for thresholding of data
which makes very weak assumptions about the under-
lying distribution is presented. The output consists
of one or more recommended threshold points, along
with a scalar measurement of significance which en-
ables for easy comparison of different thresholds. The
suggested thresholds are given as numbers on the real
line, and are not restricted to integer values or any-
thing similar to bin-size of an ordinary histogram.
The method has been shown to work well in different
situations, including cases where it is hard to find a
good threshold by visual inspection.
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1 Introduction

Thresholding of histograms is one of the first things
a student in image analysis gets acquainted with and
it remains one of the most common operations per-
formed in image analysis, also on higher levels of re-
search. Thresholding may be used in many areas to
separate different parts of a data set. It can be done
in the form of a direct thresholding of image data, or
used for object-wise classification on measured fea-
tures, or perhaps hidden inside other methods, as for
example is done in the Canny edge detector [1].

If we have spatial relations or shading in an im-
age, it is rarely a good choice to directly apply a
global threshold. But with the right pre-processing
and shading correction, histogram based thresholding
may in fact show up to be one of the best methods
available. Also there is nothing keeping us from us-
ing local histogram thresholding, or thresholding on
secondary features which take in account the spatial
relations that may exist. Add to this the appealing
simplicity of histogram thresholding and the good un-
derstanding of the situation that follows with that,
and one easily realises that histogram based thresh-
olding is certainly something which is worth having
a look at, and so has also been done for very many
years, not only in the field of image analysis.

2 Taking a histogram

Histogram thresholding can be, as is indicated by the
name, separated into two parts, taking a histogram
and then use that to select a suitable threshold. Let
us start with the first part.

Taking a histogram of a data set is essentially a
method to estimate the distribution of data by plot-
ting the number of samples that exist in a set of in-
tervals. Commonly the set of intervals are selected as
an equal sized partitioning of IR (or Z). An obvious
problem at this point is, how to select the partitioning
size, i.e. the bin-size of the histogram. This is really
a problem of great importance, as the choice of bin-
size greatly affects the way the histogram looks. If we
choose the bin-size too small, the histogram becomes
wiggly and noisy. If we on the other hand select a
too large bin-size, it will hide features of the underly-
ing distribution, it may also give bad accuracy of the
threshold, as this usually can only be decided down to
the precision of a single bin. In addition, using large
bins hides the variation that really takes place inside
each bin. A data point near the left edge of a bin
gives exactly the same contribution to the histogram
as one near the right edge.

If the input data is quantised, e.g. integer valued,
it may feel natural to select the bin-size to be equal
to the quantisation step, but this is really just a lower
limit of the bin-size, and may be very far from opti-
mal.
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Figure 1: Too small bin-size makes the histogram
noisy and hard to interpret (left). Too large bin-size
hides features of the underlying distribution (right).



3 Thresholding of histograms

Probably the most common method to threshold a
histogram is by visual inspection. This is, of course,
not to be considered as a very objective method, and
it varies a lot between individuals. It is also non-
automatic and therefore both slow and expensive. In
addition, visual inspection is sensitive to the aspect
ratio of the histogram. Re-scaling the axes of the
histogram should of course not change the outcome
of a thresholding algorithm, and care should be taken
when designing automatic methods to avoid such an
undesired dependency.

A multitude of methods has been invented to auto-
matically find thresholds in a histogram. Some meth-
ods rely on taking percentiles of modelled distribu-
tions, others on finding local minima in the histogram
or smoothed versions of it, and some use direct geo-
metrical relations, like e.g. the triangle algorithm [7].
Usually, these methods incorporate a priori knowl-
edge about the shape and modality of the distribu-
tion to be analysed. While the triangle algorithm
relies on unimodality, the minimum finding methods
must have multimodality, and if we cut at percentiles
we certainly make strong assumptions about the un-
derlying distribution.

To make such assumptions about the underlying
distribution is always dangerous. What happens e.g.
if we make the wrong assumptions about symme-
tries, smoothness, modality, etc? It would be nice
if we could find some general all-purpose method
that works well regardless of the modality of the
histogram, and which only makes weak assumptions
about the underlying distribution.

As a good starting point, one could ask the some-
what philosophical question: What is a good thresh-
old point really? It makes sense to say that a good
threshold point is a point where there is a change be-
tween different distributions. If we do not want to
model the distribution directly (to avoid making pos-
sibly false assumptions about their shape), we can see
this change between different distributions as a point
where we have a change of “trends”. Here, the word
trend should be interpreted as “the way things are
heading”, as it e.g. is used on the stock market. “The
way things are heading” is in the one-dimensional
case represented by a derivative. The rate, at which
the trends change, is correspondingly expressed by
the second derivative. Concluding this reasoning, we
come to the suggestion that a good threshold point
should be located at an extreme value in the second
derivative of our histogram.

Here we trip right into another problem regarding
the use of histograms to find suitable threshold values.
It is not at all trivial how to calculate derivatives of
a discontinuous histogram, preferably in such a way
that it gives stable and reliable results and without
introducing “magic numbers” into the theory.

4 Kernel Density Estimates

Having run into all this trouble regarding histograms,
one naturally ends up asking the question: Does there
not exist some more elaborate theory about how to
make an estimate of a probability density function?

The answer to that question is certainly yes. To
estimate the probability density functions from a ran-
dom sample is a basic problem in several domains of
applied science such as pattern recognition, function
approximation, machine learning, econometrics, etc.
It is also one of the more fundamental problems of the
statistical sciences, and consequently there has been
a lot of work done in this field.

The basic question is, how one can estimate a prob-
ability density function f(x) given a sequence of in-
dependent identically distributed random variables
X1,..., Xy from this density f.

There exist a lot of parametric approaches to this
problem, e.g. mixture modelling, where one tries to fit
a mixture of standard distributions to sum up to the
unknown distribution f. As already touched upon,
parametric modelling has some unappealing proper-
ties. What happens e.g. if the unknown distribution
is not at all a mixture of our model distributions?

Not willing to take the risk of making wrong as-
sumptions, the non-parametric approaches are often
more popular, and by now a rich basket of non-
parametric density estimators (kernel, spline, ML and
orthogonal series) exists. As the length of this paper
is limited, we will simply focus on one of the most
popular methods, namely the well studied class of
kernel density estimators (KDE) (which also includes
the standard histogram) as introduced by Rosenblatt
[4] and Parzen [3]

These class of estimators f are defined by
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where h is called the bandwidth and K is a kernel,
Kp(u) = K(u/h)/h.

Common choices of the kernel include the uniform,
triangular and the Gaussian kernel functions, as well
as more advanced ones. If we choose the uniform
kernel, and h equal to the bin-size, we are back at
our well known histogram case.

It is easily verified that the optimal bandwidth
should decrease with increasing number of samples
n, and the class of kernel density estimates has been
shown to converge asymptotically to the true distri-
bution f(z) in the L? metric, if the bandwidth A is
chosen such that h — 0,nh — 00 as n — oo [3].

The choice of the kernel K is not critical for the
asymptotic convergence. However, it does influence
the smoothness of the estimate, and, as we may wish
to analyse extreme values and inflection points of the
estimated distribution, it is clearly a good thing to
choose a smooth kernel. The Gaussian is one of the
more popular choices, due to its nice properties and



statistically sane foundation, and it will also be the
choice of this study.

It turns out that the choice of the bandwidth A,
is much more important for the behaviour of f than
the choice of K. Small values of h make the estimate
look “wiggly” and show spurious features due to the
sampling, whereas too big values of h will lead to an
estimate which is too smooth in the sense that it may
hide structural features, like e.g. bimodality, of the
underlying density f (see. figure 2).
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Figure 2: Too small bandwidth (solid line) makes the
KDE noisy and hard to interpret. Too large band-
width (dashed) hides underlying features.

So in some sense, by moving from a standard his-
togram to a KDE, we have just moved from a bin-size
problem to a bandwidth problem. Compared to the
histogram case though, by using a better suited ker-
nel than the uniform, we do neither loose in threshold
precision, nor miss the information of inside bin po-
sitioning, when we choose a larger bandwidth.

5 Bandwidth selection

Nevertheless, the bandwidth selection is a crucial
step. Unfortunately, a satisfactory theory for ker-
nel width selection is not available for fixed sample
sizes. This is not surprising, since the kernel width
must be smaller than the sharpest “detail” in the un-
known target density, in order to prevent undesirable
“blurring” in the approximation. At the same time, it
should be as large as possible to filter out the random
variability of the sample.

A lot of research has been done in the last years to
find objective data-driven bandwidth selection meth-
ods and plenty of different techniques have been de-
veloped [6].

Without going too much into detail, we will set-
tle for one of the more popular choices, which is to
derive an optimal global bandwidth by minimising
the asymptotic mean of the integrated squared error
(AMISE). It does not really make sense to include
a complete mathematical derivation here, and I will
jump directly to the optimal choice of bandwidth A

for a Gaussian kernel.
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Here the term [ f"*(z) dz has to be estimated.
The rule of thumb in this case is to replaces the un-
known density function f in this functional by a ref-
erence distribution function which is re-scaled to have
variance equal to the sample variance. Taking K as
the Gaussian kernel and the standard normal distri-
bution as reference function, this rule of thumb yields
the estimate
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where 62 is the sample variance.

A version more robust against outliers can be con-
structed if the interquartile range R is used as a mea-
sure of spread instead of the variance. This gives us
the following modified estimator
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which is a commonly used bandwidth selection [5]
and will also be the choice of this paper.

Note however that there exist many other band-
width selection methods, e.g. cross-validation and
plug-in methods. See e.g. Turlach [6] for a good
overview.

In our computerised world, data is not always con-
tinuous, but rather a digital sample of a continuous
world. For histograms we noticed that we cannot use
a bin-size which is smaller than the quantisation step.
This holds also for the KDE, and we are not allowed
to select a bandwidth in the range of or smaller than
the sampling resolution. E.g. if we have a data reso-
lution of 8 bits, all values will be integers between 0
and 255. If we model this situation with a bandwidth
smaller than one, we will experience dips in the KDE
at the real values in-between these integers. This is,
of course, not resembling the real situation, and is
an artifact due to the sampling. We can reduce the
effect of the quantisation either by selecting a larger
bandwidth, or by performing some de-convolution or
smoothing before making the KDE.

6 Conclusions

The KDE is obviously a better estimator of a sampled
distribution than an ordinary histogram, and we have
some theory on how to select a suitable bandwidth.
What about the problem of derivation then? Yes,
the KDE solves that problem too. A nice property
of the way a KDE is expressed, is that it is very easy
to calculate derivatives. As it consists of a sum of
translated versions of the kernel function, calculating
derivatives becomes just to sum the derivatives of the



kernel function instead.
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Note: The fact that we will use the second deriva-
tive of the estimate f should really affect the choice
of the bandwidth. This has not been further investi-
gated in this study.

Now that all problems are solved, it seems time
to conclude: It makes good sense to use the max-
ima of the second derivative of a KDE of a data set
as possible good threshold values for this data set.
The magnitude of the second derivative suggest which
maximum is most likely to represent a significant and
useful threshold.

However, in most cases, a priori knowledge must be
applied to select the most appropriate of a small set
of prominent maxima. E.g. we usually do not want
to put a threshold to the left of a dark background
peak in a pixel distribution, despite the fact that this
is an obvious change of trend point, where we are
going from the case of no data at all, to the case
of a large background signal. A priori knowledge also
rules out the minima of the second derivative, as they,
in most cases represent the place were we have a peak
in the distribution. (This is, however, the place where
the stock broker usually wants to put a threshold,
commonly called “Time to sell!”)

7 Performance

The suggested method has shown to be fairly robust,
and performs well on both noisy and clean data, per-
forming (due to the choice of a global bandwidth)
somewhat better on fairly normal distributed data.
There is not at all place in the assigned four pages to
include a representative test suit, so you will have to
be satisfied with just a few examples.

The reason this paper came to be in the first place
was the need of segmenting cells according to their cy-
clein content using fluorescence microscopy [2]. When
a first approach using fixed percentiles of a modelled
Gaussian failed, the above described method was ap-
plied, with very promising results. In a total of 45
different data sets it worked very well, and in only
one case visual inspection suggested that the second
largest peak of the second derivative should be used
instead of the largest one. Below are two fairly rep-
resentative cases shown.
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Figure 3: Background histogram is number of cells
plotted against average internal fluorescence inten-
sity. Solid line is the KDE f and the dashed line is the
second derivative f (scaled). Suggested threshold is
taken to be the largest peak in the second derivative,
that is to the right of the main peak in the KDE.
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